Semi-local density functionals for the exchange-correlation energy of electrons are extensively used as it produce realistic and accurate results for finite and extended systems. The choice of techniques play crucial role in constructing such functionals of improved accuracy and efficiency. An accurate and efficient semi-local exchange energy functional in two dimensions is constructed by making use of the corresponding hole based on the density matrix expansion. The exchange hole involved is localized under the generalized coordinate transformation and satisfies all the relevant constraints. Comprehensive testing and excellent performance of the functional is demonstrated versus exact exchange results. The functional also achieves remarkable accuracy by substantially reducing the errors present in the local and non-empirical density functionals proposed so far for two dimensional systems. The underlying principles involved in the functional construction are physically appealing and practically useful for developing range separated and non-local functionals in two dimensions.
Semi-local density functionals for the exchange-correlation energy of electrons are extensively used as it produce realistic and accurate results for finite and extended systems. The choice of techniques play crucial role in constructing such functionals of improved accuracy and efficiency. An accurate and efficient semi-local exchange energy functional in two dimensions is constructed by making use of the corresponding hole based on the density matrix expansion. The exchange hole involved is localized under the generalized coordinate transformation and satisfies all the relevant constraints. Comprehensive testing and excellent performance of the functional is demonstrated versus exact exchange results. The functional also achieves remarkable accuracy by substantially reducing the errors present in the local and non-empirical density functionals proposed so far for two dimensional systems. The underlying principles involved in the functional construction are physically appealing and practically useful for developing range separated and non-local functionals in two dimensions.
Density-functional theory(DFT) [1, 2] is most successful in addressing the complex effects due to electronelectron interactions. Tremendous advances beyond the local density approximation(LDA) have been achieved through the development of accurate non-local, semilocal and hybrid exchange-correlation(XC) functionals [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . However, cutting edge research in low dimensions have also gained momentum as far as the theoretical and experimental findings [20, 21] are concerned. In spite of the promising applications in three dimensions(3D), the dimensional crossover of the XC energy functional from a 3D to two-dimensional(2D) regime, has still remained one of the most difficult open problems [22, 23] . Albeit wide use of DFT in 2D still demands potentiality in this direction. So the systematic DFT calculations and proper explanations of numerous properties of lowdimensional systems that range from atomistic to artificial structures e.g., quantum dots, modulated semiconductor layers and surfaces, quantum Hall systems, spintronic devices, quantum rings, and artificial graphene poses great challenge. Thus, the construction of accurate non-local and semilocal XC functionals to appropriately describe systems in 2D is an enthralling and growing research field. In this regard, the first step among the available methods is the well-known 2D-LDA [24] . The 2D-LDA combined with the 2D correlation [25, 26] , lead to intriguing results and establishes its superiority over quantum Monte Carlo simulations [27] result. In recent years, advances have been made beyond 2D-LDA e.g., generalized gradient approximations(2D-GGAs) [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] which perform in a more excellent manner. Not only that, several correlation functionals compatible with the 2D-GGAs are also constructed [33] [34] [35] [36] [39] [40] [41] .
In principle, the exchange functionals can be constructed from the exchange hole. In 3D, it's done by making use of Taylor series expansion [3, 8] , real space cutoff procedure [4] , modeling the exchange hole [7] and the density matrix expansion(DME) based on general coordinate transformation [10-13, 15, 19] . It is to note that the Taylor series expansion method has been applied to construct 2D-GGA [29] . However, unlike Taylor expansion, DME [10, 11, 15, 19, 42] based approaches are not only correct for small separation limit, but do converge in the large separation limit [19] and recover the correct uniform gas behavior. Prompted by these, we have formulated the 2D counterpart of the above DME based exchange energy functional. Advance DME techniques will be proposed for constructing the exchange hole and the corresponding energy functional. Then, the functional will be bench-marked against the optimized effective potential(OEP) based exact-exchange(EXX) [43] , local and gradient approximations for 2D systems [28, 29, 38] . The OEP based EXX functional is used as reference because it's the most accurate approach which is routinely applied for studying quantum dots [44] . Further, the newly constructed functional will be applied to study few electron trapped inside parabolic and Gaussian quantum dots. The exchange energy is nothing but the electrostatic interaction between the electron located at r and the exchange hole at r + u surrounding it. Thus, the spinunpolarized exchange functional in 2D is defined as
where ρ x ( r, r + u) be the exchange hole surrounding the electron at r and is given by
with the density matrix Γ ( r, r + u) = 2 occ i ψ * i ( r)ψ i ( r + u) and the Kohn-Sham (KS) orbitals ψ i . The exchange hole obeys two important properties: (i) the normalization sum rule: ρ x ( r, r + u) d 2 u = −1 and (ii) the negativity constraint: ρ x ( r, r + u) ≤ 0. Now, under general coordinate transformation (i.e. ( r 1 , r 2 ) → ( r λ , u)), where r λ = λ r 1 +(1−λ) r 2 , the above exchange functional reduces to
where ρ t x2D is the transformed exchange hole defined by
with Γ 2D 1t be the KS single particle density matrix. The real parameter, λ can take values 1/2 → 1 (or, 0 → 1/2). The conventional and on top exchange holes (which is maximally localized in 2D [45] ) correspond to λ = 1 and λ = 1 2 respectively. So the transformed single particle KS density matrix around u = 0 becomes
where ∇ 1 and ∇ 2 operate on Ψ * i and Ψ i respectively. The exchange energy, E 2D x involves cylindrical average of the exchange hole ρ x ( r, r + u) cyl over the direction of u i.e.
On taking the cylindrical average of the density matrix given in Eq.(5) after it's Taylor series expansion yields the correct small u behavior, i.e.
The expression in Eq. (7) was originally proposed for the conventional exchange hole in 3D [3] and then extended to 2D [29] . But, it failed to recover the uniform density limit. In order to recover it, the whole term was multiplied by the exchange hole of uniform electron gas [29] . Whereas, here in this work, all the above deficiencies are accounted through the proposed novel approach based on DME. As a matter of which, it quite rightly obtains: (i) the correct uniform density limit, (ii) the cylindrically averaged exchange hole similar to that given in Eq. (7) when terms up to u 2 will be considered and (iii) the large u-limit (i.e. 0 to ∞ integral limit of u) that converges without considering any cutoff procedure. Now, to construct the desired semilocal functional, we begin by considering the DME in Eq.(5) along with the following plane wave expansion in terms of the Bessel and Hypergeometric functions. So
where
and φ be the azimuthal angle. The polynomial, C m 2n is expressed as
(10) with the generalized Hypergeometric function, 2 F 1 , the Bessel function, J 2n+1 and y = −(1 − λ) ∇ 1 + λ ∇ 2 . The series re-summation technique along with the Gegenbauer addition theorem [46] are used to arrive at the above expansion (i.e. Eq. (8) and Eq. (9)). Now, Eq. (8) together with Eq.(5) produce the transformed density matrix
with τ = occ i | ∇ψ i | 2 , the KS kinetic energy density. Now, to make τ gauge-invariant, we modify it, so that
is the para-magnetic current density. By doing this, the functional also becomes gauge invariant and fulfills all the above mentioned criteria. Inclusion of current density is particularly important whenever there happens to be the radiation matter interactions. It is relevant to use the following cylindrical average of the exchange hole (e.g. shown in FIG.1 ) corresponding to the above density matrix which will be used for the construction of the desired 2D semi-local functional i.e. 
exp(−2r
2 ) parabolically confined in 2D. Shown are the exchange holes at the reference point r = 0.5 a.u. for several λ values, where r be the radial distance from the origin. For λ = 1.0, some portion of the exchange hole is +ve indicating that the exchange hole violates the negativity property and will underestimate the magnitude of exchange energy. This implies the requirement for normalization of exchange hole (see ref. [45] for details).
By virtue of the above exchange hole, the functional retains the most unique features like uniform density limit for k = k F = (2πρ) 1 2 and correct u 2 behavior. So the above DME based exchange hole is more general in nature than the previously proposed ones [29] . In the earlier case [29] , the small u expansion of cylindrical average exchange hole was multiplied by the corresponding average exchange hole of uniform gas and the parameters were determined using the sum rule. Whereas, in the present attempt, all these are automatically taken care. Thus the uniform density limit is trivially recovered when k = k F . But for inhomogeneous systems, the extent of inhomogeneity is included through a parameter f (to be determined analytically) so that k = f k F . Then, f is being obtained from the normalization of the cylindrically averaged exchange hole i.e.
where y = (2λ − 1) 2 p and p = s 2 = | ∇ρ| 2 (2kF ρ) 2 is the square of the reduced density gradient in 2D. For slowly varying density limit, Eq.(17) demands that f ≈ 1 + 6y and in the limit of large density gradient, f → y 1 4 , similar to that proposed in [29] . By applying successive root finding method to solve Eq.(17), we propose that for any arbitrary density the dimensionless parameter f satisfies the relation
where β is the parameter that has to be determined along with λ by fitting with exact results known for physical systems. In this case, we found these parameters by comparing with exact exchange results for the few electrons quantum dots. It is noteworthy to mention that in case for low density, the binomial expansion of Eq. (18) leads to f ≈ 1 + 6y. Thus, the proposition, Eq. (18) is in right spirit. But the laplacian present in the exchange hole expansion also need to be removed in order to handle it numerically at the origin. The usual way to do so is to use the method of integration by parts. But here, we have used the semi-classical approximation of kinetic energy density [47] to replace it. As this method has been successfully employed in designing the meta-GGA type functional in 3D [14, 19] . So ∇ 2 ρ is replaced by
. Thus, the modified exchange hole takes the form
Now, from Eq. (1) and Eq. (20), the semilocal exchange energy density functional in 2D is given by 
with (with jp = 0) is plotted as a functional of s for 2 electrons confined in a parabolic quantum dot with confinement strength ω = 1. In the left corner, we have shown the enhancement factors of 2D-GGA [29] and 2D-B88 [38] for comparison.
To test the functional and obtain the parameters β and λ, we have chosen the set of parabolic quantum dots having varying confinement strengths with few electrons embedded into it. This type of system is reported for testing the 2D-GGA functional [29] and to fix the corresponding parameters involved therein. A self-consistent calculation with KLI-OEP exact-exchange method using OCTOPUS code [48] has been performed and the density is being used as the reference input. As our system is non-magnetic, so j p = 0. The value of λ is obtained by fitting with different confinement strengths such that the mean percentage error gets reduced. Whereas, β is fixed so as to confirm the smooth behavior of the enhancement factor in the s ≈ 0 region [49] . The value of the parameters λ and β are obtained to be 0.74 and 30.0 respectively. In 3D [19] , same set of parameters are also used. But those are fixed by taking the exact exchange of hydrogen atom along with the smooth behavior of the enhancement factor at the iso-orbital region in order to remove the spurious divergence of the exchange potential [49] . The current functional is tested and the performance of it is shown in Table-I. Trivially, the results are quite superior as it yields error that are smaller by at least a factor of 8.1, 2.4, 5.6 and 4.0 w.r.t. 2D-LDA, 2D-GGA [29] , 2D-B88 [38] and 2D-BR [28] respectively. Lastly, the comprehensive assessment of the functional is being performed for Gaussian quantum dots by simultaneously varying the the number of electrons trapped N , depth of the potential and confinement strength ω. For TABLE I. Shown below are the exchange energies (in atomic units) for parabolically confined few electron quantum dots. The 1 st and 2 nd columns contain the number of particles and confinement strengths used for finding the parameters of the proposed functional. Results for EXX, 2D-LDA, 2D-GGA [29] , 2D-B88 [38] and 2D-BR [28] are also shown for comparison with that obtained using the constructed 2D-mGGA functional. The last row contains the mean percentage error, ∆. this case, the performance is presented in Table-II and  FIG. 3. Here too, the results are found to be in excellent agreement with KLI-EXX. Actually, the new semilocal functional reduces the error by a factor of 2.2 compared to 2D-GGA for the whole set.
To summarize, a meta-GGA type semi-local functional in two dimensions is constructed based on DME. The beauty of this functional is that, the exchange hole involved in it has correct short range behavior and recovers the uniform density limit quite accurately. The convergence of the exchange hole in large separation limit leads to an analytical expression for the corresponding energy functional even without applying any cutoff procedure which are essentially lacked by 2D functionals proposed so far. The most appealing feature of the present semi-local functional is that it is derived from the full exchange hole and thus having strong physical basis. The functional is one step ahead of the 2D-GGA as it leads to significant reduction in error compare to it's counterparts. Thus, the functional in principle can enable us for making precise many-electron calculations of larger structures such as arrays of quantum-dots, quantum-Hall devices, semiconductor quantum dots, quantum Hall bars on a regular basis. Also, the constructed exchange hole can be used to construct meta-GGA level exchange only pair-distribution function, static structure factor, nonlocal and range separated functionals in 2D. The present construction can be further extended to the recently developed density functional formalism for strictly correlated electrons. The next step is to construct functional for correlation energy which will be compatible with the exchange. The functional is not only physically appealing but also practically useful as it opens the path for constructing exchange correlation functionals in two dimensions analogue to the Jacob's ladder in three dimensions.
